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BANACH SPACES OF ALMOST UNIVERSAL
COMPLEMENTED DISPOSITION
JESU´S M .F. CASTILLO AND YOLANDA MORENO
Abstract. We introduce and study the notion of space of almost universal comple-
mented disposition (a.u.c.d.) as a generalization of Kadec space. We show that every
Banach space with separable dual is isometrically contained as a 1-complemented
subspace of a separable a.u.c.d. space and that all a.u.c.d. spaces with 1-FDD
are isometric and contain isometric 1-complemented copies of every separable Ba-
nach space with 1-FDD. We then study spaces of universal complemented disposition
(u.c.d.) and provide different constructions for such spaces. We also consider spaces
of u.c.d. with respect to separable spaces.
1. Introduction
This paper can be considered a study of the properties that make the Kadec space
[17] as it is: a separable Banach space containing complemented copies of every separa-
ble Banach space with the Bounded Approximation Property. This universal property,
which apparently is a global property, is shown here to actually be a local property,
called almost universal complemented disposition (a.u.c.d.) and shown to be very sim-
ilar to Gurariy’s almost universal disposition property [15]. To emphasize the knot
between the Kadec and Gurariy spaces, let us briefly survey the history of (comple-
mentably) universal Banach spaces and spaces of universal (complemented) disposition.
The topic of Banach spaces of universal and almost universal disposition with respect
to a classM has its inception in the paper [15] of Gurariy, who constructed a separable
space G with the property that every into isometry from a finite dimensional space F
into G can be extended to an into almost isometry G→ G on every finite dimensional
superspace G of F . Several papers established the isometric uniqueness of G [27],
its maximality [34] and gave different descriptions for G [28, 24, 37]. Gurariy also
conjectured the existence of Banach spaces of universal disposition (without “almost”)
and of spaces of universal disposition with respect to the class S of separable spaces.
This conjecture was proved to be true in [1], where a general method to construct spaces
of universal disposition with respect to different classesM was presented. In particular,
it was shown that the space that Gurariy conjectured is isometric to the Fra¨ısse´ limit,
in the category of separable Banach spaces and into isometries, constructed by Kubis
[22]. More recently, the papers [7] (resp. [5]) extend the method of [1] (resp. [22]) to
the study of quasi-Banach (resp. Fre´chet) spaces of (almost) universal disposition.
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The topic of universal Banach spaces for a given class M, i.e., Banach spaces in
M containing an isometric/isomorphic copy of every space in M is another classical
one (see the monograph of Dodos [12] to find updated information). The two germinal
results are: the well known fact that C[0, 1] is isometrically universal for the class
of separable spaces and Pe lczyn´sky’s construction [33] of a space P isomorphically
universal for the class of Banach spaces with basis. Both results are relevant for the
study in this paper. For instance, as the authors of [7] remark, the fact that a separable
space of almost universal disposition is also separably universal (cf. Corollary 3.2 in
this paper) depends, in principle, on the isometric uniqueness of the Gurariy space.
The topic of complementably universal space for a classM, i.e., spaces inM contain-
ing complemented copies of every space in M, also contains many interesting results,
sometimes requiring descriptive set theory techniques; see, for instance, [23, Theorem
1.2]. The topic emerges in 1969 when Pe lczyn´ski [33] shows that the space P above
mentioned is complementably universal for the class of Banach spaces with basis. In
1971 Kadec [17] obtains a complementably universal member K for the class of sepa-
rable Banach spaces with the Bounded Approximation Property (BAP); still in 1971
Pe lczyn´ski and Wojtaszczyk [34] prove that also the class of separably spaces with Fi-
nite Dimensional Decompositions has a complementably universal member PW . The
classical results of Pe lczyn´ski [32] (resp. Pe lczyn´ski-Wojtaszczyk) asserting that a sep-
arable Banach space has the BAP if and only if it is complemented in a space with
basis (resp. FDD) implies that the spaces P,K and PW contain complemented copies
of all separable spaces with BAP. Kalton [19] performs a study of universal and com-
plementably universal F -spaces, and remarks “there are a number of other existence
and non-existence results known for other classes of separable spaces”. It cannot go
however without saying that Johnson and Szankowski [16] showed that no separable
complementably universal space exists for the class of separable Banach spaces. A
related topic is that of when a Banach space with a property P can be embedded into
some Banach space with a finite dimensional decomposition and property P . See, e.g.,
[23, 30].
All spaces K, P and PW are isomorphic (see Lemma 9.1). The isometric uniqueness
of complementably universal spaces is a different thing. Garbulinska recovered in [13]
the Fra¨ısse´ limit approach to construct first a complementably universal space G for
the class of separable spaces with FDD (thus isomorphic to the spaces of Kadec and
Pe lczyn´ski) with a certain local isometric property. A closer inspection of the property
that makes the space G isometrically unique reveals that it is a local property, the one
we have called almost universal complemented disposition and which is the object of
study in this paper.
Sometimes the notation and results we present are rather technical. Thus, to en-
courage the reader and ease his way to the precise statements and proofs, let us briefly
present intuitive versions of the main results in this paper. First of all, the key defi-
nition: A Banach space E will be called of almost universal complemented disposition
(a.u.c.d. in short) if whenever one has an isometric embedding F → G between finite
dimensional spaces with complemented range, every isometric embedding F → E with
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complemented range admits an extension to an almost isometric embedding G → E
with complemented range. Regarding separable a.u.c.d. spaces our main results are:
• There exist separable spaces of almost universal complemented disposition. In
fact, every Banach space with separable dual can be isometrically embedded as
a 1-complemented subspace of a separable a.u.c.d. space (Theorem 4.1).
• The separable spaces of a.u.c.d. are not unique. However, all separable spaces
of a.u.c.d. with a 1-FDD are isometric (Proposition 5.3 and Theorem 5.4).
• Every separable space of a.u.c.d. with a 1-FDD contains isometric copies of
every separable space and isometric 1-complemented copies of every separable
space with a 1-FDD (Theorem 2.4).
The pie`ce of resistance of our analysis is the so-called Approximation Lemma 2.2 that
roughly says that if E is Banach space of almost universal complemented disposition
with a 1-FDD then every almost isometry F → E from a finite dimensional space
F having almost complemented range can be approximated by an into isometry with
complemented range.
Thus, since the Gurariy space G is the only separable space of almost universal
disposition while the Kadec space K is the only separable space of almost universal
complemented disposition with 1-FDD, these two spaces represent, in a sense, the same
object in different categories. Indeed, if one moves from the category of Banach spaces
and isometric embeddings to its “complemented” analogue, i.e., the category Banach
spaces and isometric embeddings admitting a norm one projection, then the separable
spaces become the separable spaces with 1-FDD. It is clear than the “Gurariy objects”
(i.e., the spaces of (almost) universal disposition) become the “Kadec objects” (the
spaces of (almost) universal complemented disposition). Here it is the list of analogies:
• The Gurariy space:
(1) Is a space of almost universal disposition in the category of separable Ba-
nach spaces and single arrows (into isometries).
(2) It can be obtained as the Fra¨ısse´ limit of separable rational Banach spaces
and single arrows.
(3) It can be constructed via an ω-times iterated push-out out from a countable
dense set of single arrows between finite-dimensional Banach spaces.
(4) In the category, it is unique, up to isometries.
(5) It contains isometric copies of all separable Banach spaces.
(6) It is an L∞-space.
• The Kadec space:
(1) Is a space of almost universal disposition in the category of separable Ba-
nach spaces and double arrows (into isometries admitting norm one pro-
jections).
(2) It can be obtained as the Fra¨ısse´ limit of separable rational Banach spaces
with 1-FDD and double arrows.
(3) It can be constructed via an ω-times iterated push-out out from a countable
dense set of double arrows between finite-dimensional Banach spaces.
(4) In the category, it is unique, up to isometries.
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(5) It contains isometric complemented copies of all separable Banach spaces
with 1-FDD. As a by-product, it contains isometric copies of all separable
Banach spaces.
(6) It is not an L∞-space.
In the second part of the paper we introduce and study the notions of space of
universal complemented disposition (u.c.d.) and of space of universal complemented
disposition with respect to separable spaces (ω-u.c.d.), their existence (Every Banach
space can be isometrically embedded as a 1-complemented subspace of a space of (ω-
)universal complemented disposition – cf. Propositions 6.2 and 7.2), universality and
uniqueness properties.
The case of p-Banach spaces, 0 < p < 1 has been treated in a separate paper [8]
with entirely different techniques.
2. Almost universal complemented disposition
All required technical results, definitions and constructions have been gathered in
the Appendix section 9 at the end of the paper. The key notions for this paper are
those of double-arrow and almost double arrow, that we state now. A (1+ ε)-isometry
is a linear continuous operator f : A→ B such that for every x ∈ A verifies
(1 + ε)−1‖x‖ ≤ ‖f(x)‖ ≤ (1 + ε)‖x‖.
We will say that f is contractive if it verifies (1 + ε)−1‖x‖ ≤ ‖f(x)‖ ≤ ‖x‖.
Given α, γ > 1 and β ≥ 0 a (contractive) (α, β, γ)-arrow is a pair (f, f) of linear
continuous operators, f : A → B and f : B → A in which f is a (contractive) α-
isometry, ‖f‖ ≤ γ and ‖ff − 1A‖ < β. To simplify some notation, (1, 0, 1)-arrows will
be called double arrows, and pairs (f, f) which are (α, β, γ)-arrows for suitable α, β, γ
will be called almost double arrows and depicted as (f, f) : A⇆ B.
Given three almost double arrows (i1, i1) : A ⇆ C, (i2, i2) : A ⇆ B and (i3, i3) :
B ⇆ C we will say that the diagram they form
A
i1
//
i2 ❅
❅❅
❅❅
❅❅
❅
C
i1oo
i3
⑦⑦
⑦⑦
⑦⑦
⑦⑦
B
i2
__❅❅❅❅❅❅❅❅
i3
??⑦⑦⑦⑦⑦⑦⑦⑦
ε-commutes if ‖i3i2− i1‖ ≤ ε and ‖i2i3− i1‖ ≤ ε. We will say it almost commutes if
there exists ε > 0 such that the diagram ε-commutes. And we will say that it commutes
if i3i2 = i1 and i2i3 = i1.
Definition 2.1. A Banach space E will be called of almost universal complemented
disposition (a.u.c.d., in short) if for every double arrow (i, i) : F ⇆ G between finite
dimensional spaces, every double arrow (j, j) : F ⇆ E and every ε > 0 there exists a
(1 + ε, ε, 1)-double arrow (J, J) : G⇆ E making a commutative diagram
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F
i
//
j ❅
❅❅
❅❅
❅❅
❅
G
ioo
J
⑦⑦
⑦⑦
⑦⑦
⑦⑦
E
j
__❅❅❅❅❅❅❅❅
J
??⑦⑦⑦⑦⑦⑦⑦⑦
By Lemma 9.5, the condition is equivalent to the existence of a (1+ε, ε, 1+ε)-double
arrow (J, J) : G ⇆ E making the diagram ε-commutative. This property essentially
corresponds to property [E] of Garbulinska [13], although in that paper only the almost
commutativity of injections is mentioned; the almost commutativity of projections is
however used.
Our immediate purpose is to establish a key Approximation Lemma that will explain
the structure of spaces of almost universal complemented disposition. To perturbate
projections we will use Lemma 9.13, which is modeled upon [26, Thm. 1.a.9]. In order
to give an estimate for the distance between projections, a proof is included there. Let
us recall that we call a skeleton for E to a sequence (En) of finite-dimensional subspaces
so that each En is 1-complemented in En+1 and E = ∪nEn. See section 9.2 for details.
Lemma 2.2 (Approximation Lemma). Let ε < 1/3. If E is Banach space of almost
universal complemented disposition admitting a skeleton then every (1+ε, ε, 1+ε)-arrow
(f, f) : F ⇆ E with F finite-dimensional admits a (1, 0, 1)-arrow (φ, φ) : F ⇆ E at
distance at most 72ε.
Proof. If (f, f) is a (1+ν, ν, 1+ν)-arrow then, according to the estimate (3) in Lemma
9.6, (f/(1+ν), f/(1+ν)) would be a contractive (1+ ε, ε, 1)-arrow with ε = 3ν. Thus,
there is no loss of generality assuming that (f, f) is a contractive (1 + ε, ε, 1)-arrow.
i) Perturbation step. Since E has skeleton, it also has a sequence (En) of finite
dimensional 1-complemented subspacese so that E =
⋃
En. Let ın : En → E be the
isometric embedding with 1-projection ın : E → En. The perturbation arguments in
Lemma 9.13 show that if one sets ε′ so that ε′ ≤ ε (1+ε)
2
1−ε
and 1 + ε′ ≤ 1−ε
2
1−3ε
then it is
possible to find for ε < 1/3 and n large enough a (1+ε′)-isometry τε′ : f(F )→ F
′ ⊂ En
so that
‖f − τε′f‖ ≤ ε
′
and a projection pε′ : E → F
′ having norm at most ‖pε′‖ ≤ 1 + ε
′ such that
(1) ‖pε′ − τε′f f‖ ≤ ε
′.
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A diagram will help to understand the situation
F
f

f(F )
τ ′ε
||②②
②②
②②
②②
 _

F ′ _

En
ın // E
p′ε
bb❋❋❋❋❋❋❋❋❋
f
OO
ın
oo
It is clear that ‖f τ−1ε′ pε′‖ ≤
1+ε′
1−ε′
≤ 1 + 3ε′ < 1 + ε and it follows from the estimate
(1) in Lemma 9.6 that τε′f is a (1 + 3ε)-isometry. Thus, (τε′f, f τ
−1
ε′ pε′in) : F ⇆ En is
a (1 + 3ε, ε, 1 + ε)-arrow and it follows from the estimate (3) in Lemma 9.6 that
(f1, f1) =
(
τε′f
1 + 3ε
,
f τ−1ε′ pε′in
1 + 3ε′
)
is a contractive (1 + 6ε, 6ε, 1)-arrow. Moreover, ‖f − f1‖ ≤ 1−
1+ε′
1+3ε
≤ 3ε+ε
′
1+3ε
≤ 4ε and,
taking into account the estimate (1) above, one gets
‖f −f τ−1ε′ pε′‖ ≤ ‖f −f τ
−1
ε′ (τε′f f +pε′− τε′f f)‖ = ‖f τ
−1
ε′ (pε′− τε′f f)‖+ ε ≤
ε
1− ε′
which gives
‖f − f1‖ =
(
1−
1
1 + 3ε′
)
+
1
1 + 3ε′
‖f − f τ−1ε′ pε′‖
≤ 3ε′ + (1 + ε′)‖f − f τ−1ε′ pε′‖
≤ 3ε′ +
(1 + ε′)ε
1− ε′
≤ 4ε.
ii) Correction step. Apply the correction Lemma 9.12 to (f1, f1) : F ⇆ En to get a
6ε-commutative diagram
F
f1

i1 !!❈
❈❈
❈❈
❈❈
❈
G1
π1
aa❈❈❈❈❈❈❈❈
π2~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
En
f1
OO
i2
>>⑤⑤⑤⑤⑤⑤⑤⑤
in which (i1, π1) and (i2, π2) are (1, 0, 1)-arrows and moreover π1i2 = f1 and π2i1 = f1.
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iii) Almost universal complemented disposition step. Use now that E is of a.u.c.d.
to get an ε′-commutative diagram
En
i2
//
ın

G1
π2oo
g1
}}④④
④④
④④
④④
E
ın
OO
g1
==④④④④④④④④
in which (g1, g1) : G1 ⇆ E is a (1 + ε
′, ε′, 1)-arrow that extends (ın, ın). Thus,
(g1i1, π1 g1) : F ⇆ E is a (1 + ε
′, ε′, 1)-arrow. Moreover,
‖g1i1−f‖ ≤ ‖g1i1−g1i2f1‖+‖g1i2f1−f‖ ≤ (1+ε
′)6ε+ε′+‖ınf1−f‖ ≤ 8ε+4ε = 12ε
And
‖π1 g1−f‖ ≤ ‖π1 g1−f1 π2 g1‖+‖f1 π2 g1−f‖ ≤ 6ε+‖f1 π2 g1−f‖ ≤ 6ε+ε
′+‖f1 ın−f‖.
From where we get ‖(π1g1 − f)|En‖ ≤ 12ε.
We have thus obtained that each (1 + ε, ε, 1 + ε)-arrow F ⇆ E can be 36ε-
approximated by a (1 + ε′, ε′, 1 + ε′)-arrow for any ε′ ∈ (0, ε/3) on En for n large
enough.
iv) Ultraperturbation and iteration. Assume without loss of generality that En = E1
in the first step, En = E2 in the second step and so on. We have thus obtained
a sequence (fn, fn) of contractive (1 + εn, εn, 1 + εn)-arrows such that ‖(fn, fn) −
(fn+1, fn+1)‖ ≤ 36εn on En. Pick the sequence of εn monotone decreasing so that∑
εn = ε.
We use now a the ultraperturbation argument explained in Lemma 9.5, with a slight
variation since this particular case is simpler. Pick a countably incomplete ultrafilter
U on N. It is clear that FU ⇆ (En)U is a (1, 0, 1)-arrow at distance 36ε of (f, f)
on the whole canonical copy of E inside EU. The point is that its image likely does
not lie in E. We can use then principle of local reflexivity we can push-down this
arrow back to E using the argument in Lemma : given the finite dimensional subspace
[fn](F ) pick an ε
′-isometry Tε′ : [fn](F )→ E which is almost a projection and replace
the embedding [fn] by Tε′ [fn] (see Lemma for details). The projection thus remains
as it was while the inclusion [fn] is slightly perturbed with the ε
′ one prefers so that
it takes values in E. Call [fn]
′ this perturbed inclusion to simplify. The new arrow
(un, un) = ([fn]
′, [fn]|E) : F ⇆ E is a (1 + ε
′, ε′, 1)-arrow at distance at most 36ε + ε′
of the original (f, f) and ‖(un, un)− (un+1, un+1)‖ ≤ 36εn on E. Then, both (un) and
(un) are Cauchy sequences and thus they converge to a (1, 0, 1) arrow (φ, φ) at distance
72ε from (f, f). 
An immediate corollary from the Approximation Lemma is:
Proposition 2.3. A Banach space of almost universal complemented disposition with
skeleton contains isometric 1-complemented copies of every finite-dimensional Banach
space.
It may seem strange, but we do not know if this result can be obtained without the
skeleton assumption. Observe that another reading of Approximation Lemma 2.2 is
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that every finite dimensional subspace of a space of almost universal complemented
disposition is contained in a finite dimensional 1-complemented subspace. Thus, the
space has property π1. We obtain now one of the fundamental structural results:
Theorem 2.4. Every space of almost universal complemented disposition with skeleton
contains isometric 1-complemented copies of every space with a skeleton.
Proof. Assume E is a space of almost universal complemented disposition with a 1-
FDD (En) having canonical (1, 0, 1)-arrows (ın, ın) : En ⇆ E, and let Y be a space with
a skeleton defined by the sequence of (1, 0, 1)-arrows (δn, δn) : Yn ⇆ Yn+1. Assuming
without loss of generality that both Y0 and E0 are of dimension 1, pick a (1, 0, 1)-arrow
(f0, f0) : Y0 ⇆ E0. Fix ε =
∑
εn with (1 + εn+1)
2 ≤ 1 + εn.
• Form first the push-out diagram as in Lemma 9.10:
Y0 //
(f0,f0)

Y1
(δ0,δ0)oo

E0
(δ′0,δ
′
0)
//
OO
P1oo
(f ′0,f
′
0)
OO
which yields (1, 0, 1)-arrows (δ′0, δ
′
0) and (f
′
0, f
′
0) making the diagram ε1-
commutative (in fact, it is commutative in both directions; i.e., δ′0f0 = f
′
0δ0
and δ0f
′
0 = f 0δ
′
0).
• Inductive step. Assume that one has obtained an εn-commutative diagram
Yn //
(fn,fn)

Yn+1

(δn,δn)oo
En
(δ′n,δ
′
n)
//
OO
Pn+1oo
(f ′n,f
′
n)
OO
in which (fn, fn) is a contractive (1 + εn, 0, 1 + εn)-arrow, (δn, δn) and (δ
′
n, δ
′
n)
are (1, 0, 1)-arrows and (f ′n, f
′
n) is a contractive (1 + εn+1, 0, 1 + εn+1)-arrow
The a.u.c.d. disposition character of E yields a (1 + εn+1, εn+1, 1)-arrow
(n, n) : Pn+1 ⇆ E making a commutative diagram
En
(ın,ın)

(δ′n,δ
′
n)
// Pn+1
||②②
②②
②②
②②
oo
E
OO
(n,n)
<<②②②②②②②②
Thus, (nf
′
n, f
′
n n) is a ((1 + εn+1)
2, εn+1, 1 + εn)-arrow. The approximation
lemma 2.2 yields a (1, 0, 1)- arrow (gn+1, gn+1) : Yn+1 ⇆ E at distance 72εn of
(nf
′
n, f
′
n n).
A small perturbation τn+1, as in Lemma 9.13, of (gn+1, gn+1) yields a (1 +
εn+2, 0, 1 + εn+2) arrow (fn+1, fn+1) : Yn+1 ⇆ En+1 (in which we set fn+1 =
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τn+1gn+1 and assume that the large Eα is En+1 of course) at a distance εn+2.
Form the push-out to get a commutative diagram
(2) Yn+1 //
(fn+1,fn+1)

Yn+2

(δn+1,δn+1)oo
En+1
(δ′n+1,δ
′
n+1)
//
OO
Pn+2oo
(f ′n+1,f
′
n+1)
OO
According to diagram (7) one gets that (δ′n+1, δ
′
n+1) and (f
′
n+1, fnn + 1
′) are
both contractive (1+ εn+2, 0, 1+ εn+2) arrows. Induction will be over if the left
downward arrow would be contractive. To make it so, we replace (fn+1, fn+1) by
( 1
1+εn+2
fn+1, (1 + εn+2)fn+1), which is a contractive ((1 + εn+2)
2, 0, (1 + εn+2)
2)-
arrow (in particular a contractive (1 + εn+1, 0, 1 + εn+1)-arrow) and yields an
εn+1-commutative diagram
(3) Yn+1 //
( 1
1+εn+2
fn+1,(1+εn+2)fn+1)

Yn+2

(δn+1,δn+1)oo
En+1
(δ′n+1,δ
′
n+1)
//
OO
Pn+2oo
(f ′n+1,f
′
n+1)
OO
This concludes the induction.
Relabel the left downwards arrow as (fn+1, fn+1) to simplify notation. After this
relabeling, we define now the (1, 0, 1) arrow (f, f) : Y ⇆ E we are looking for. Given
y ∈ Y so that y = limn yn with yn ∈ Yn and
∑
‖yn+1 − yn‖ < +∞ then we set
f(y) = lim
n
fn(yn).
Since fn is a (1 + εn)-isometric embedding, whenever lim yn = 0 then lim fn(yn) = 0
and thus f(y) does not depend on the choice of the sequence. To check that f is well
defined observe that
‖fn|Yn−1 − fn−1‖ = ‖τngn|Yn−1 − fn−1‖
≤ ‖(τngn − gn)|Yn−1‖+ ‖gn|Yn−1 − fn−1‖
≤ εn+1 + 72εn−1 + ‖f
′
n−1|Yn−1
− fn−1‖
≤ εn+1 + 72εn−1 + εn−1
and thus, with the proper choice of (εn) the sequence (fn(yn)) is Cauchy
‖fn+1yn+1 − fnyn‖ = ‖fn+1yn+1 − fn+1yn + fn+1yn − fnyn‖
≤ ‖yn+1 − yn‖+ (εn+1 + 73εn−1)‖yn‖.
The map f is quite clearly an isometric embedding. We define the projection f as
follows
f(e) = lim
n
fnfnın(e).
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The operator f is well defined: if e = lim en with en ∈ En and
∑
‖en+1 − en‖ < +∞
then f(e) = limn fnfn(en). Observe that (with a slight abuse of notation)
‖fn+1|En − fn‖ ≤ ‖fn+1 − gn+1‖+ ‖gn+1 − f
′
n‖+ ‖f
′
n − fn‖
≤ εn+2 + 72εn+1 + 2εn
and thus one gets
‖fn+1fn+1(en+1)− fnfn(en)‖ ≤ ‖fn+1fn+1(en+1)− fn+1fn+1(en)‖
+‖fn+1fn+1en − fnfnen‖
≤ (1 + εn+1)
2‖en+1 − en‖+
+‖fn+1‖‖fn+1(en)− fn(en)‖
+‖fn+1|En − fn‖‖fn‖‖en‖
≤ (1 + εn+1)
2‖en+1 − en‖
+(1 + εn+1) (εn+2 + 72εn+1 + 2εn) ‖en‖
+ (εn+1 + 72εn + 2εn−1) (1 + εn)‖en‖
and thus (fnfn(en)) is a Cauchy sequence.
It remains to prove that for y = lim ym ∈ Y
f(f(y)) = lim
n
fnfnın(lim
m
fmym)) = lim fmym
as it immediately follows form the estimate:
‖fn(fm(ym))− ym‖ ≤ ‖fn(fm(ym))− fn(fn(yn))‖+ ‖yn − ym‖
≤ (1 + εn)‖fmym − fnyn‖+ ‖yn − ym‖.
It is then clear that f is a norm one projection. 
In addition to the statement of Theorem 2.4, since C[0, 1] contains isometric copies
of every separable Banach space and has skeleton, one gets:
Corollary 2.5. Every space of almost universal complemented disposition with skeleton
contains isometric copies of every separable Banach space.
3. Digression on Banach spaces of almost universal disposition
Recall (see e.g., [1, 3]) that a Banach space E is said to be of almost universal
disposition if for every into isometry i : F → G between finite dimensional spaces,
every into isometry j : F → E and every ε > 0 there exists a (1 + ε)-isometry
J : G→ E making a commutative diagram
F
i //
j ❅
❅❅
❅❅
❅❅
❅ G
J⑦⑦
⑦⑦
⑦⑦
⑦⑦
E
Let us show that the approximation lemma remains true in this context.
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Lemma 3.1. If E is a Banach space of almost universal disposition then every con-
tractive (1 + ε)-isometry f : F → E with F finite dimensional admits an isometry
φ : F → E at distance 3ε.
Proof. Let f : F → E be contractive a (1+ε)-isometry from a finite-dimensional space
F into a space E of almost universal disposition. We apply the Correction Lemma
9.12 to the couple f : F → f(F ) to find another space G = G(f, F, f(F )) and two
isometries iF : F → G and jF : f(F ) → G such that ‖jFf − iF‖ ≤ ε. If we call
δ : f(F ) → E the canonical inclusion, the almost universal disposition property of E
provides a (1 + ε′)-isometry fG : G → E such that fGjF = δ. Hence fGiF : F → E is
a (1 + ε′)-isometry such that
‖fGiF − δf‖ = ‖fG(iF − jFf + jFf)− δf‖ ≤ ε‖fG‖+ ‖fGjFf − δf‖ = ε(1 + ε
′).
Thus, every (1 + ε)-isometry f admits a (1 + ε/2)-isometry f1 2ε-close. So f1 admits
a (1 + ε/4)-isometry f2 at distance at most ε and we thus obtain a sequence fn of
(1+ ε/2n)-isometries so that ‖fn− fn−1‖ ≤ 3ε/2
n−1. In particular, (fn(x)) is a Cauchy
sequence for every x ∈ F . The map φ : F → E given by
φ(x) = lim fn(x)
is an into isometry and ‖f − φ‖ ≤ 3ε. 
F. Cabello suggested to us that Lemma 3.1 could be true. An immediate (and
well-known) consequence of Lemma 3.1 is:
Corollary 3.2. Every space of almost universal disposition contains isometric copies
of all separable spaces.
Proof. Let X be a separable space, which we write as the closure of the union
X =
⋃∞
n=0Xn of a sequence of finite-dimensional spaces Xn. Assume that X0 is one di-
mensional. Let E be a space of almost universal disposition and thus, fixing ε > 0, any
isometric embedding f0 : X0 → E can be extended to a (1 + ε)-isometry f
′
0 : X1 → E
which, by Lemma 3.1, admits an isometric embedding f1 : X1 → E at distance 2ε.
Now it is f1 which admits a (1 + ε/2)-isometric extension f
′
1 : X2 → E which, by the
lemma, admits an isometric embedding f2 : X2 → E at distance ε. Continue in this
way and define f :
⋃
nXn → E as f(x) = lim fn(x). This is an isometric embedding
that extends to an isometric embedding X → E as desired. 
The assertion in Corollary 3.2 was proved by Gurariy [15] for his space and by
Gevorkyan [14] in full generality.
4. Construction of separable spaces of almost universal
complemented disposition
We show now that the basic construction device as presented in [1, 3, 11], and used in
[7], that provided a unified method to construct spaces of (almost) universal disposition,
such as the Gurariy, Kubi´s or the L∞-envelopes, can be adapted to construct separable
spaces of almost universal complemented disposition.
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Theorem 4.1. Every Banach space X with separable dual can be isometrically em-
bedded as a 1-complemented subspace of a separable space K(X) of almost universal
complemented disposition.
Proof. Let U = {(u, u) : Fu ⇆ Gu} be a countable set of double arrows between finite
dimensional spaces as in Lemma 9.15. The space Fu will be called the domain of u
and Gu its codomain. We will call domU the set of the domains of the elements u
so that (u, u) ∈ U. For fixed Fu ∈ domU and X with separable dual, any subspace
of L(Fu, X) ⊕ L(X,Fu) is separable. Thus, for m ∈ N, let Lm(Fu, X) be a countable
dense subset of the space of all contractive (1+2−m, 0, 1+2−m)-arrows Fu ⇆ X . Form
now the countable set
D(E) =
⋃
u∈U
⋃
m∈N
Lm(Fu, E).
We start fixing an enumeration {d0,j, j ∈ N} of D(X). To avoid ambiguities, the
map Fd0,1 → Gd0,1 , which should be called d0,1 by the general convention above, will
be called v0. Our first step is then to form the push-out
Fd0,1
v0−−−→ Gd0,1
d0,1
y yd0,1′
X −−−→
u0
P1
in which u0 is an isometric embedding by Lemma 9.9. Observe that P1/X = Gd0,1/Fd0,1
is finite-dimensional.
Assume now that spaces P1, . . . , Pn having separable dual have already been obtained
together with into isometries uk : Pk → Pk+1 so that one can assume that Pk is a
subspace of Pk+1 and enumerations {dk,j, j ∈ N} of D(Pk) have also been fixed. Let us
call In+1 = {di,j : i+ j ≤ n+ 1} and form the push-out
ℓ1(In+1, Fu)
⊕u
−−−→ ℓ1(In+1, Gu)
∑
d
y y
Pn −−−→
un
Pn+1.
in which ⊕u is the natural (into isometry) amalgamation of the maps Fu → Gu that
appear involved in In+1 and
∑
d is the (contractive) operator sum of the operators
in In+1. This, again by Lemma 9.9, makes un an into isometry. Since Pn+1/Pn =
ℓ1(In+1, Gu)/ℓ1(In, Fu) is finite-dimensional, as well as P1/X and X has separable dual,
all Pn have separable dual and the process can be actually performed and the space
K(X) = ∪Pn is separable. Let us show that:
• K(X) contains an isometric 1-complemented copy of X .
• K(X) is a space of almost universal complemented disposition.
The first part follows from the “Moreover” part of lemma 9.10, which says that the
un : Pn → Pn+1 maps are actually part of certain (1, 0, 1)-arrows (un, Un); which means
that each Pn is 1-complemented in Pn+1 and therefore X is 1-complemented in K(X).
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To prove the almost universal complemented disposition of K(X), fix 0 < ε < 1/3
and consider a double arrow (δ, δ) : F ⇆ G between two finite dimensional spaces
and a double arrow (f, f) : F ⇆ K(X). Assume that the subspace A = f(F ) of
K(X) is n-dimensional. A is complemented by a projection ff of norm C = 1. Pick
{a1, . . . , an} a basis for A so that dist(A, ℓ
n
1 )
−1
∑
|λi| ≤ ‖
∑
λiai‖ ≤
∑
|λi|. Fix k
large enough so that 2−k < εdist(F, ℓn1)
−1, there exist xi ∈ Pnk , i ∈ {1, · · · , n}, such
that ‖xi − ai‖ ≤ 2
−k ≤ ε
dist(F,ℓn1 )
and assume without loss of generality Pk = Pnk .
By Lemma 9.13(1), the map τai = xi is a (1 + ε)-isometry A → [xi] and thus
τf : F → Pk is a (1+ε)-isometry with range [xi] and complemented via some projection
p′ of norm 1−ε
2
1−3ε
for which ‖p′− τff‖ ≤ ε(1+ε)
2
1−ε
, besides ‖f − τf‖ ≤ ε. Set fε =
τf
1+ε
and
f ε = (1 + ε)fp
′ so that, again by Lemma 9.13(2), (fε, fε) : F ⇆ Pk is a contractive
(1 + 3ε, 0, 1+3ε
1−3ε
)-arrow, ‖f − fε‖ ≤ 2ε and
‖fε − fεf‖ ≤ 3ε
Using Lemma 9.15 we pick then (u, u) : Fu ⇆ Gu in U for which there exist surjective
contractive (1 + 2−k)-isometries α, β so that the square
Fu
u
−−−→ Gu
α
y
yβ
F −−−→
δ
G
is commutative in both directions, i.e., δα = βu and αu = δβ. Thus, (fεα, α
−1fε) :
Fu ⇆ Pk is a contractive (1+3ε, 0,
1+3ε
1−3ε
)-arrow. Thus, some contractive (1+3ε, 0, 1+3ε
1−3ε
)-
arrow (f ′, f ′) : Fu ⇆ Pk at distance ε
′ (to be chosen) must exist in some set Lm(Fu, Pk),
which means that (f ′, f ′) = dk,s for some s. Since dk,s ∈ Ik+s we have that (f
′, f ′) is
one of the elements forming the operator
∑
d that appears in the push-out diagram
ℓ1(Ik+s, Fu)
⊕u
−−−→ ℓ1(Ik+s, Gu)
∑
d
y yd′
Pk+s −−−→
uk+s
Pk+s+1
According to Lemma 9.11, (f ′, f ′) admits a contractive
(
1 + 3ε, 0, 1+3ε
1−3ε
)
-arrow exten-
sion (f ′′, f ′′) : Gu ⇆ Pk+s+1. The composition (f
′′β−1, β f ′′) is a, say, (1 + 7ε, 0, 1+7ε
1−7ε
)-
arrow such that
‖f ′′β−1δ − f‖ = ‖f ′′uα−1 − f‖
= ‖f ′α−1 − f‖
= ‖(f ′ − fεα+ fεα)α
−1 − f‖
≤ ε′ + ‖fε − f‖
≤ ε′ + 2ε
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and also
‖
(
δβ f ′′ − f
)
|Ps+k
‖ = ‖
(
α u f ′′ − f
)
|Ps+k
‖
= ‖
(
α f ′uk+s − f
)
|Ps+k
‖
= ‖
(
α
(
f ′ − α−1fε + α
−1fε
)
uk+s − f
)
|Ps+k
‖
≤ ε′ + ‖
(
fε − f
)
|Ps+k+1
‖
≤ ε′ + 3ε.
We have thus obtained that
∀ε > 0 ∃n ∈ N ∃(fn, fn) : G⇆ Pn : ‖fnδ − f‖ ≤ 4ε; and ‖δfn − f |Pn−1‖ ≤ 4ε
and (fn, fn) is a ((1+7ε), 0,
1+7ε
1−7ε
)-arrow. An ultraperturbation argument we sketch now
is sufficient to conclude that for each ε there is a ((1 + ε), 0, (1 + ε))-arrow G⇆ K(X)
making the diagram ε-commutative, which is condition i) in Lemma 9.5, and therefore
K(X) is a space of almost universal complemented disposition.
Ultraperturbation argument : Observe that the problem lies in that the projection fm
behave well only on Pm. Inclusions behave well in the sense that once some fn has been
obtained then one can set fm = um−1 . . . unfn. To get a good projection defined on
the whole K(X) just define [fn] : (ΠPn)U ⇆ GU = G and compose with the diagonal
canonical embedding K(X)→ K(X)U. 
5. Uniqueness
Definition 5.1. Given a Banach space X with separable dual we will denote K(X) the
space constructed in Theorem 4.1.
We need a simple observation:
Lemma 5.2. If X has separable dual and skeleton then K(X) has skeleton.
Proof. Using the enumeration of Theorem 4.1 one gets that X is 1-complemented and
has finite codimension in P1, and then Pn is 1-complemented and has finite codimension
in Pn+1. Let us write Pn+1 = Pn ⊕ Cn and P1 = X ⊕ F with F finite-dimensional. If
(Xn)n is a skeleton of X then (Xn ⊕ Cn) is a skeleton for K(X). 
Thus, contrarily to what occurs with Gurariy space:
Proposition 5.3. There are non-isomorphic separable spaces of almost universal com-
plemented disposition.
Proof. When X has not the BAP the space K(X) cannot have skeleton (it cannot have
BAP) and thus it cannot be isomorphic to any space K(Y ) constructed over a space
Y with skeleton by virtue of the previous lemma 
This marks a neat difference with the situation for separable spaces of almost uni-
versal disposition. Still, there is only one space of almost universal complemented
disposition with skeleton, up to isomorphism: on one side the class of separable spaces
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with BAP is closed under c0-sums, which means by Lemma 9.1 that there is only
one complementably universal member, up to isomorphisms; since all spaces of com-
plementably universal disposition with skeleton are complementably universal for the
class of separable spaces with BAP, by Theorem 2.4, the assertion follows. Let us show
that the space is unique, up to isometries
ameno
Theorem 5.4. Let U, V be two spaces of almost universal complemented disposition
having a skeleton. let ı : A → B be an isometry between two finite-dimensional 1-
complemented subspaces A ⊂ U and B ⊂ V . For every ε > 0 there exists an isometry
τ : U → V such that ‖τ|A − ı‖ ≤ ε. In particular, all spaces of almost universal
complemented disposition with skeleton are isometric.
Proof. The proof is a simple back-and-forth argument combining the Approximation
Lemma 2.2 and the Perturbation argument of Lemma 9.13: let (Un) (resp. (Vn)) be a
skeleton for U (resp. V ), so that (un, un) : Un ⇆ U and (vn, vn) : Vn ⇆ V are double
arrows.
Let A ⊂ U be a 1-complemented subspace with embedding and projection (ıA, ıA);
and, analogously, B ⊂ U be a 1-complemented subspace with embedding and projec-
tion (ıB, ıB). Let ı : A → B be an isometry between them. Set ε =
∑
εn. After
some ε′-perturbation of (ıA, ıA) using Lemma 9.13 —which we do not relabel— we
can assume that [ıA(A) + U1] ⊂ U2 (actually some n2, but again we do not relabel).
This small perturbation we ignore by using the Approximation Lemma 2.2, so we
still assume that that (ı, ı−1ıB) is a double arrow A ⇆ V . By the a.u.c.d character
of V this double arrow extends to some ε1-arrow U2 ⇆ V that can therefore be ε1-
approximated by a double arrow: (ı1, ı1) : U2 ⇆ V . Now repeat the argument back:
we work with (1, 1) = (ı
−1
1 , ı1u2) : ı1(U2)⇆ U . After some ε2-perturbation we assume
that ı1(U2) ⊂ V2, use the Approximation Lemma 2.2 to not relabel, so that (1, 1) is
a double arrow that the a.u.c.d. character of U allows one to extend to an ε2-arrow
V2 ⇆ U that can therefore be ε2-approximated by a double arrow: (2, 2) : V2 ⇆ U .
And forth again. Iterate the argument. 
This result should be compared to [13, Thm. 7.3]. We will (improperly) call Kadec
space to K(R), the only (up to isometries) separable space of almost universal com-
plemented disposition having skeleton. Which is of course complementably universal
for all separable spaces with BAP. We say “improperly” because we cannot prove that
the Kadec space K constructed in [17] is of almost universal complemented disposition,
although we know that it is isomorphic to K(R).
6. Spaces of universal complemented disposition
Spaces of universal disposition (i.e., the case ε = 0) were studied in [15, 1, 3]. In the
same spirit, we have:
Definition 6.1. A Banach space E will be called of universal complemented disposition
if given a double arrow (i, i) : F ⇆ G between finite dimensional spaces and a double
arrow (j, j) : F ⇆ E there exists a double arrow (J, J) : G⇆ E making a commutative
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diagram.
F
i
//
j ❅
❅❅
❅❅
❅❅
❅
G
ioo
J
⑦⑦
⑦⑦
⑦⑦
⑦⑦
E
j
__❅❅❅❅❅❅❅❅
J
??⑦⑦⑦⑦⑦⑦⑦⑦
The additional hypothesis of having separable dual is no longer required, and one
gets:
Proposition 6.2. Every Banach space can be isometrically embedded as a 1-
complemented subspace of a space of universal complemented disposition.
Proof. We will use the same device as for the construction ofK(X), although everything
is much simpler now since no correction lemmata or countable dense sets are required.
The construction has now ω1 steps. At step α, assuming Pα has been obtained, we get
Pα+1 as the push out in the diagram
(4)
ℓ1(Iα, Fu)
⊕u
−−−→ ℓ1(Iα, Gu)
∑
d
y
y
Pα −−−→
uα
Pα+1.
Here Iα represents an index set containing: all (1, 0, 1)-arrows d : Fu ⇆ Pα from a finite
dimensional space Fu into Pα each of them repeated as many times as (1, 0, 1)-arrows
u : Fu ⇆ Gu between finite dimensional spaces. The operator ⊕u is the vector sum of
all operators u and
∑
d the sum of all operators d. For α = 0 set Pα = X . If α is a
limit ordinal then Pα = ∪β<αPβ.
The resulting space Kω1(X) is of universal complemented disposition. Indeed, con-
sider a double arrow (δ, δ) : F ⇆ G between two finite dimensional spaces and a double
arrow (f, f) : F ⇆ Kω1(X). We choose α < ω1 in such a way that f(F ) is actually
contained in Pα. So, (f, f |Pα) : F ⇆ Pα is one of the arrows d appearing in diagram (4)
and can therefore be extended through any double arrow F ⇆ G, in particular (δ, δ)
to a double arrow G⇆ Pα+1. We have obtained now that
∃β ∀ α ≥ β ∃(fα, fα) : G⇆ Pα+1 : fαδ = f and δ fα = fPα
which a simple ultraperturbation argument transforms into a double arrow G ⇆
Kω1(X) extending (f, f). 
Definition 6.3. Given a Banach space X we will call Kω1(X) the Banach space con-
structed in Theorem 6.2.
Proposition 6.4.
(1) Under CH, if X has an ω-skeleton then the space Kω1(X) has an ω-skeleton.
(2) Under CH, if X has skeleton then Kω1(X) has the BAP.
Proof. Under CH (c = ℵ1) an thus a set of size c can be written as an increasing union
of ω1 countable sets. Now, the set we are considering is that of double arrows between
two separable spaces A,B, which has the size of L(A,B)⊕L(B,A), namely cℵ0 = c. Let
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(Xα)α<ω1 be the ω-skeleton of X . Proceed as in the proof of Proposition 6.2 except that
now we can arrange things so that all Pα are separable. This is done by representing
each size c set Iα (since Xα is countable) as an increasing union Iα = ∪µ<ω1Γα,µ of
countable sets and performing successive “diagonalizations” of those sets so that each
push-out is done using only with a countable number of operators, so that the resulting
push-out space is separable. Indeed, start with P0 = X0 and decompose the first set
I0 = ∪µ<ω1Γ0,µ as an increasing union of countable sets. Make the first push-out only
with the elements of Γ0,1. The space P
′
1 is thus a separable superspace of X0. Make a
new push-out
X0 −−−→ P
′
1y
y
X1 −−−→ P1
to obtain a new separable enlargement of X1. Decompose now the set I1 = ∪µ<ω1Γ1,µ
as an increasing union of countable sets Γ1,µ and make now push-out only with the
elements of Γ0,2 ∪ Γ1,1. The new space thus obtained P
′
2 is a separable enlargement
of P1. Assume now that a separable P
′
α has already been obtained, make the new
push-out
Xα −−−→ P
′
αy
y
Xα+1 −−−→ Pα
and write now Iα = ∪µ<ω1Γα,µ as the increasing union of countable sets Γα,µ and make
push-out only with the elements of ∪i+j≤α+1Γi,j. This yields a separable P
′
α+1. The
skeleton of Kω1(X) are the spaces (Pα)α<ω1.
To prove (2) we will actually show that the construction can be modified so that for
each scountable α the push-out space Pα has a skeleton. Let us simplify the notation
assuming that the space Pα has been obtained making push-out with the countable set
Iα. Decompose Iα into an increasing sequence of finite sets Iα = ∪mFm and observe
that Pα could have been obtained making just a sequence of iterated push outs starting
with X : at step m make push-out with only the elements of Fm. Next, observe that
the real content of Lemma 5.2 is that when X has skeleton then so does the space Pω.
Thus, Pα has skeleton. This immediately implies that Kω1(X) has the BAP since any
of its finite dimensional subspaces is contained into some Pα, and a Banach space such
that any finite dimensional subspace is contained into a λ-complemented subspace with
the λ-BAP must have the λ-BAP. 
The general version of Theorem 2.4 becomes:
Proposition 6.5. A Banach space of universal complemented disposition that has a
ω-skeleton formed by spaces with skeleton contains isometric 1-complemented copies of
every Banach space with a skeleton.
Sketch of proof. Let Y be a space with skeleton and let E be a space of universal
complemented disposition having a ω-skeleton of spaces Eα so that each Eα admits a
skeleton Eα,n. The uncountable cofinality of ω1 will make he image of Y obtained be
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lying in some of the separable spaces Eα; and since these are 1-complemented in E the
point is to obtain the copy of Y complemented in some Eα.
Let us proceed as in the proof of Theorem 2.4. A close examination of that proof
reveals that the major part of the difficulties and the hard work in that proof was to get
the image of Y complemented, something that could be done because E had skeleton:
so one just needed to inductively add one by one the pieces of the skeleton to finally
get a projection defined on all of E.
What has to be done now is to inductively add, one step each, finite dimensional
pieces Eαn,mn with Eαi,mi ⊂ Eαj ,mj for i < j in such a way that Esupαn = ∪nEαn,mn.
This would provide Y complemented in Esupαn and the argument is complete. 
The assumption “having a ω-skeleton” is necessary. To show this, let us consider a
different way to obtain spaces of universal complemented disposition: Let Z be a space
of almost universal complemented disposition and let U be a countably incomplete ul-
trafilter on N. The ultrapower ZU is quite obviously a space of universal complemented
disposition. In particular, one thus has:
Proposition 6.6. Let X be a dual separable Banach space. The space K(X)U is a
space of universal complemented disposition.
Recall that a Banach space X is said to have the Uniform Approximation Property
(UAP) when every ultrapower of X has the BAP. It is clear that the UAP exactly
means that X has the λ-AP and there exists a “control function” f : N → N so that,
given F and λ′ > λ, one can choose T such that rank(T ) ≤ f(dimF ) and Tf = f for
all f ∈ F , with ‖T‖ ≤ λ′. Since X∗∗ is complemented in some ultrapower of X , when
X has the UAP then all even duals have the UAP. And since approximation properties
pass from the dual to the space, when X has the UAP all its duals have the UAP. See
[9, Section 7] for details. Therefore, Banach spaces with the BAP but whose duals do
not have the BAP (see [9, Section 7]) admit ultrapowers without the BAP.
Regarding uniqueness, there are at least two (three under CH) non isomorphic spaces
of universal complemented disposition:
Proposition 6.7.
(1) The spaces K(c0)U and Kω1(c0) are not isomorphic.
(2) Under CH, the spaces K(R)U, Kω1(R) and Kω1(X) for X a separable Banach
space without BAP are not isomorphic
Proof. In [2] it was proved that infinite dimensional ultrapowers never contain com-
plemented copies of c0, and thus K(X)U cannot contain c0 complemented. Since any
copy of c0 must be complemented in any space with ω-skeleton, thanks to Sobczyk’s
theorem, assertion (1) is clear. The space K(R)U cannot have ω-skeleton nor the BAP:
otherwise, every ultrapower XU of a separable space with BAP should have the BAP,
which is false. The space Kω1(R) has the BAP and ω-skeleton; and the space Kω1(X)
has ω-skeleton but not BAP. All this proves (2). 
Regarding universality results, observe that
Corollary 6.8. No Banach space with ω-skeleton can be universal for the class of
spaces with density character ℵ1.
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Proof. As it has been said, every copy of c0 must be complemented in a space with
ω-skeleton; and thus, spaces with density character ℵ1 but containing uncomplemented
copies of c0 cannot embed in a space with ω-skeleton. 
Thus, there is no point in asking if a space of universal complemented disposition
contains isometric copies of all spaces with density character at most ℵ1 (since one
must exclude those with ω-skeleton). It is quite curious that the spaces KU with K of
almost universal complemented disposition contain, at least under CH, isometric copies
of all spaces with density character ℵ1: indeed, K contains C[0, 1], hence KU contains
C[0, 1]U which is, under CH, isomorphic to ℓ∞/c0 by [4, Proposition 2.4.1]; and this last
space is universal for all spaces with density character ℵ1 by Parovicˇenko’s theorem ([6],
[36, p.81]). A different thing is to ask if space of universal complemented disposition
must contain isometric copies of all spaces with ω-skeleton. See Proposition 7.4 and
Problem (6).
7. Spaces of universal complemented disposition for separable spaces
In the same way that the notion of space of universal disposition can be extended to
“space of universal disposition with respect to the class of separable spaces”, we can
define:
Definition 7.1. A Banach space E will be called of ω-universal complemented dispo-
sition if given a double arrow (i, i) : S1 ⇆ S2 between separable spaces and a double
arrow (j, j) : S1 ⇆ E there exists a double arrow (J, J) : S2 ⇆ E making a commuta-
tive diagram
S1
i
//
j   ❅
❅❅
❅❅
❅❅
S2
ioo
J
~~⑦⑦
⑦⑦
⑦⑦
⑦
E
j
``❅❅❅❅❅❅❅
J
>>⑦⑦⑦⑦⑦⑦⑦
One has:
Proposition 7.2. Every Banach space can be isometrically embedded as a 1-
complemented subspace of a space of ω-universal complemented disposition.
The construction is immediate after that in Proposition 6.2 just replacing “finite
dimensional” by “separable”. Let us call KSω1(X) the resulting space. It is of ω-
universal complemented disposition exactly as in the proof of Proposition 6.2, which
remains valid since no countable set is cofinal in ω1, and thus any operator from a
separable space into KSω1(X) actually has its image contained in some space Pα for
some α < ω1. The ω-version of Theorem 5.4 is:
Theorem 7.3. Let U, V be two spaces of ω-universal complemented disposition having
a ω-skeleton. Let ı : A → B be an isometry between two separable 1-complemented
subspaces A ⊂ U and B ⊂ V . There exists an isometry τ : U → V such that τ|A = ı.
In particular, all spaces of ω-universal complemented disposition with ω-skeleton are
isometric.
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Proof. The proof is much simpler than that of Theorem 5.4 since no approximation of
perturbation is required: just a straightforward back-and-forth argument. 
Under CH, the space KSω1(X) has an ω-skeleton when X has an ω-skeleton; and thus
all the spaces of ω-universal complemented disposition with ω-skeleton are isometric
to KSω1(R). Let us call this unique space K
S
ω1
from now on. Since X is 1-complemented
in KSω1(X), under CH, K
S
ω1
contains isometric 1-complemented copies of every Banach
space with ω-skeleton; i.e.,
Proposition 7.4. Under CH, a space of ω-universal complemented disposition with
ω-skeleton contains isometric 1-complemented copies of all spaces with ω-skeleton.
Observe that, even outside CH, spaces of ω-universal complemented disposition con-
tain isometric 1-complemented copies of all separable spaces. It therefore follows from
the Johnson-Szankowski theorem [16] that spaces of ω-universal complemented dis-
position must have density character at least ℵ1. Spaces of universal complemented
disposition need not be of ω-universal complemented disposition: indeed, ultrapowers
of spaces of almost universal disposition are of universal complemented disposition,
although they cannot be of ω-universal complemented disposition since they cannot
contain complemented copies of c0.
8. Open ends
We leave open a few questions which appeared during the course of this paper.
(1) Is the Kadec space K of [17] of almost universal complemented disposition.
Equivalently, is it isometric to K(R)?
(2) Does a space of almost universal complemented disposition contain isometric
1-complemented copies of all finite-dimensional Banach spaces?
(3) Does a separable space of almost universal complemented disposition contain
isometric 1-complemented copies of all separable spaces with 1-FDD? Without
separability assumption the answer is no. On the other hand, the spaces K(X)
are 1-complementably universal for spaces with 1-FDD, regardless of whether
they have or not skeleton, since K(X) contains a 1-complemented copy of K(R).
(4) Do separable spaces of universal complemented disposition exist?
(5) Is there a continuum of non-isomorphic spaces of universal complemented dis-
position? The corresponding question of the existence of many different spaces
of universal disposition has been treated, although not completely solved, in [1]
and [10].
(6) Does a space of universal complemented disposition contain isometric copies of
all spaces with ω-skeleton? Observe that a space of ω-universal complemented
disposition contains isometric copies of all spaces with ω-skeleton.
(7) Prus shows in [35, Thm. 2.1] that there is a reflexive separable space with
basis that is complementably universal for all separable super-reflexive spaces
with BAP. This suggest the possibility of obtaining other spaces of “almost
universal complemented disposition with respect to certain subclasses of finite
dimensional spaces” (see also [10, Prop. 3.1]). However, we cannot see how the
methods in this paper could cover the reflexive case. See also [30]
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9. Appendix: Basic constructions
We begin with the observation in the Introduction that the spaces of Pe lcyn´ski,
Kadec and Wojtaszczyk are isomorphic. This is consequence of Pe lczyn´ski decomposi-
tion method.
Lemma 9.1. Let M be a class of quasi-Banach spaces such that for some 0 < p ≤ ∞
it is closed under ℓp-sums. There is only one complementably universal member for
M, up to isomorphisms.
Proof. Let U be a complementably universal member. The spaces U and ℓp(U) contain
complemented copies of each other, and ℓp(ℓp(U)) ≃ ℓp(U), hence U ≃ ℓp(U). In
particular, U ≃ U ⊕ U . Now, if A,B are two complementably universal members of
M, each of them contains a complemented copy of the other and both are isomorphic
to their squares, so they are isomorphic. 
9.1. Arrows and double arrows.
Definition 9.2. We say that f : A→ B is a (1 + ε)-isometry if it is a linear continuous
operator f : A → B such that for every x ∈ A verifies (1 + ε)−1‖x‖ ≤ ‖f(x)‖ ≤
(1+ε)‖x‖. We will say that f is a contractive (1+ε)-isometry if it is a linear continuous
operator f : A→ B such that for every x ∈ A verifies (1 + ε)−1‖x‖ ≤ ‖f(x)‖ ≤ ‖x‖.
We define now “double arrows” (f, f) between Banach spaces.
Definition 9.3. Given α, γ > 1 and β ≥ 0 a (contractive) (α, β, γ)-arrow is a pair (f, f)
of linear continuous operators, f : A→ B and f : B → A in which f is a (contractive)
α-isometry, ‖f‖ ≤ γ and ‖ff − 1A‖ < β.
Throughout the paper, (1, 0, 1)-arrows have been called double arrows, and pairs
(f, f) which are (α, β, γ)-arrows for suitable α, β, γ have been called almost double
arrows and depicted as (f, f) : A⇆ B. The composition of two almost double arrows
is (f, f)(g, g) = (fg, gf). The operator f : B → A can be considered as a kind of
“projection”. This means that if one has a true projection π : B → B with range f(A)
we will understand that the f : B → A is f−1π. When no confusion arises, given an
(α, β, γ)-arrow (f, f) we will simply say that f is a β-projection along f of norm at
most γ. To measure the commutativity of diagrams we will need a fourth parameter.
Definition 9.4. Let (i1, i1) : A ⇆ C, (i2, i2) : A ⇆ B and (i3, i3) : B ⇆ C be almost
double arrows. We will say that the diagram they form
A
i1
//
i2 ❅
❅❅
❅❅
❅❅
❅
C
i1oo
i3
⑦⑦
⑦⑦
⑦⑦
⑦⑦
B
i2
__❅❅❅❅❅❅❅❅
i3
??⑦⑦⑦⑦⑦⑦⑦⑦
i) ε-commutes if ‖i3i2 − i1‖ ≤ ε and ‖i2i3 − i1‖ ≤ ε. ii) Almost commutes if there
exists ε > 0 such that the diagram ε-commutes. iii) Commutes if i3i2 = i1 and i2i3 = i1.
We present now a technique that allows one to pass from almost-commutative dia-
grams with bad projections to commutative diagrams with good projections.
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Lemma 9.5 (Ultraperturbation lemma). Let X be a Banach space. Given a double
arrow (i, i) : F ⇆ G between finite dimensional spaces and a double arrow (j, j) : F ⇆
X, the following properties are equivalent:
i) For every ε > 0 there exists a (1 + ε, ε, 1 + ε)-double arrow (J, J) : G ⇆ X
making the diagram ε-commute.
ii) For every ε > 0 there exists a (1 + ε, ε, 1)-double arrow (J, J) : G⇆ X making
the diagram commute.
Proof. It is clear that ii) ⇒ i), so we only need to prove that i) ⇒ ii). Consider a
positive sequence (εn) with lim εn = 0 and, by i), (1 + εn, εn, 1 + εn)-double arrows
(Jn, Jn) : G⇆ X making the diagram εn-commute. Take a non-trivial ultrafilter U on
N and form the operators [Jn] : GU → XU and [Jn] : XU → GU. It turns out that [Jn]
is an into isometry and [Jn] a norm 1 projection through [Jn], so ([Jn], [Jn]) : GU ⇆ XU
is a double arrow. And if ([i], [ i ]) : FU ⇆ GU and ([j], [ j ]) : FU ⇆ XU are the natural
double arrows, the diagram is commutative since [Jn][ i ] = [ j ] and [ i ][Jn] = [ j ].
Since F and G are finite dimensional spaces then F = FU and G = GU. So [Jn](GU) is
finite dimensional and we can choose a ε/2-net f1, ..., fN in the dual unit ball B[Jn](G)∗ ,
which we can assume to be in the dual unit ball of (XU)
∗, such that for every g ∈ G,
| < [Jn]g, fk > | ≥ (1 + ε)
−1‖[Jn]g‖, for some k.
Now, observe that the key feature behind the Principle of Local Reflexivity of Lin-
denstrauss and Rosenthal [25] is the notion of local complementation identified by
Kalton [18], as it appears implicitly in [29] and explicitly in [31]. We will consider from
now on a Banach space X isometrically embedded into its ultrapower XU via the map
x → [x]. In this form, X is locally complemented in XU. Thus, once the functionals
f1, . . . , fN are set, given ε > 0 there is an operator Tε : [Jn](G)→ X such that
(1) ‖Tε‖ ≤ 1 + ε
(2) (Tε)|[Jn](G)∪X = 1[Jn](G)∩X
(3) (T ∗ε fk)|[Jn](G) = (fk)|[Jn](G)
Therefore, the map Tε[Jn] is a 1 + ε-isometry since ‖Tε[Jn](g)‖ ≤ (1 + ε)‖g‖ and
‖Tε[Jn](g)‖ ≥ | < Tε[Jn](g), fk > |
= | < [Jn](g), T
∗
ε fk > |
= | < [Jn](g), fk > |
≥ (1 + ε)−1‖[Jn](g)‖
On the other hand, the norm 1 projection we need is [Jn]|X . The couple
(Tε[Jn], [Jn]|X) : G ⇆ X is a (1 + ε, ε, 1)-double arrow since, for suitably chosen fk
one has
‖[Jn]Tε[Jn][g]− [g]‖ = ‖[Jn]Tε[Jn][g]− [JnJng]‖
= ‖[JnTε[Jn][g]]− [JnJng]‖
= ‖[Tε[Jn][g]]− [Jng]‖
≤ 〈[Tε[Jn][g]]− [Jng], fk〉+ ε
= ε.
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The diagram commutes since Tε[Jn][i] = Tε[j] = j and i[Jn]|X = [iJn]|X = j|X = j. 
Observe that adding “contractive” to the hypothesis does not improve the results.
We conclude this section with a set of elementary estimates that will be useful later.
Lemma 9.6.
(1) If f is a (contractive) (1+ε) isometry and τ is a (contractive) (1+ε′)-isometry
then τf is a (contractive) (1 + ε)(1 + ε′)-isometry.
(2) If f is a (1 + ε)-isometry then 1
1+ε
f is a contractive (1 + ε)2-isometry.
(3) If (f, f) is an (α, β, γ)-arrow then ( 1
α
f, 1
γ
f) is a contractive
(
α2, β+γα−1
γα
, 1
)
-
arrow.
(4) If (f, f) is a (contractive) (1+ε, ε, 1)-arrow then (f, (f f)−1f) is a (contractive)
(1 + ε, 0, 1 + ε
1−ε
)− arrow. Moreover, ‖f − (f f)−1f‖ ≤ ε
1−ε
Proof. Probably only assertion (4) requires some explanation. Since ‖1− f f‖ ≤ ε < 1
then 1− (1−f f) = f f is invertible and its inverse has norm at most 1+ε+ε2+ · · · =
1
1−ε
= 1 + ε
1−ε
. Then (f f)−1 exists and (f f)−1p is a true projection along f since
(f f)−1f f = 1. Finally
‖f − (f f)−1f‖ = ‖f ff−1 − (f f)−1f ff−1‖ ≤ ‖f f − 1‖‖f−1‖ ≤
ε
1− ε
.

9.2. Skeletons. Different approximation notions are essential in the theory of spaces
of complemented disposition. A Banach space X is said to have the λ-approximation
property (λ-BAP in short) if for each finite dimensional subspace F ⊂ X and every
λ′ > λ there is a finite-rank operator T : X → X such that ‖T‖ ≤ λ′ and T (f) = f
for each f ∈ F . This is not the standard definition, but it is an equivalent formulation
(see [9, Theorem 3.3]). The space is said to have the Bounded Approximation Property
(BAP in short) if it enjoys the λ-BAP for some λ. A µ-complemented subspace of a
space with the λ-BAP has the λµ-BAP. When X is separable, the λ-BAP is equivalent
to the existence of a sequence Bn : X → X of linear finite-dimensional operators
with norms ‖Bn‖ ≤ λ that is pointwise convergent to the identity. This sequence of
operators can be asked to verify BmBn = Bn for m > n. The sequence is called a a
Finite Dimensional Decomposition (FDD, in short) if, moreover, for every m,n ∈ N,
BnBm = Bmin{m,n}. By a well-known result of Pe lczyn´ski [32], spaces complementably
universal for spaces with FDD are also complementably universal for separable spaces
with the BAP.
An essential part in our arguments and in the classification of spaces of (almost)
universal complemented disposition is played by the notion of skeleton which, as we
will show next, coincides with that of 1-Finite Dimensional Decomposition, although
the skeleton formulation is more adapted to the problems treated in this paper:
Definition 9.7. We say that a Banach space E admits a skeleton if there exists a
sequence (En) of finite-dimensional subspaces and of double arrows (δn, δn) : En ⇆
En+1 so that E = ∪nEn. We will say that E admits a ω-skeleton if there is a continuous
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chain (Eα)α<ω1 of separable subspaces and double arrows (δα, δα) : Eα ⇆ Eα+1. Here
continuous means that for every limit ordinal β one has Eβ = ∪α<βEα.
In each case we shall say that (δα, δα) is the family of double arrows defining the
(ω) skeleton. Of course that spaces admitting a skeleton must be separable and spaces
admitting a ω-skeleton must have density character at most ℵ1.
Lemma 9.8.
• A Banach space has a skeleton if and only if it has a 1-FDD.
• A Banach space has an ω-skeleton if and only if it is a 1-Plichko space with
density character at most ℵ1.
Proof. Assume that a Banach space E has a skeleton (δn, δn) : En ⇆ En+1. The spaces
Ek are 1-complemented in E since one can define norm one projections Pk : E → Ek
as follows: if x ∈ ∪En and x ∈ En+1 then set Pk(x) = δk . . . δn−1δn(x) and extend Pk
to E by density. Notice that if n + 1 < k, then Pk(x) = x. These projections verify
limPk(x) = x. Thus, spaces with skeleton have the π1-property [9, Def.5.1]; i.e., there
is a net of finite rank norm one projections pointwise convergent to the identity. The
π1 property in a separable space implies 1-FDD [9, Prop.5.4]. It is clear that spaces
with 1-FDD have a skeleton. The second part can be found in [20, Section 6]. 
ω-skeletons will only appear in the final Sections 8 and 9, where we will maintain
the name by coherence with the rest of the paper and because statements are shorter
this way. The first assertion in Lemma 9.8 appears used in [13]. Kubi´s [21] and
other authors have given more general notions of projectional skeleton by considering
a partially ordered index space.
9.3. Push-out constructions.
9.3.1. The push-out. Given operators i : Y → A and j : Y → B, the associated
push-out diagram is
(5)
Y
i
−−−→ A
j
y
yj′
B
i′
−−−→ PO
Here, the push-out space PO = PO(i, j) is the quotient of the direct sum A ⊕1 B,
the product space endowed with the sum norm, by the closure of the subspace ∆ =
{(iy,−jy) : y ∈ Y }. We will call Q : A ⊕1 B → (A ⊕1 B)/∆, the natural quotient
map. The map i′ is given by the inclusion of B into A ⊕1 B followed by Q, so that
i′(b) = (0, b) + ∆ and, analogously, j′(a) = (a, 0) + ∆.
The diagram (5) is commutative: j′i = i′j. Moreover, it is ‘minimal’ in the sense of
having the following universal property: if j′′ : A → C and i′′ : B → C are operators
such that j′′i = i′′j, then there is a unique operator γ : PO→ C such that i′′ = γi′ and
j′′ = γj′. Clearly, γ((a, b) + ∆) = j′′(a) + i′′(b) and one has ‖γ‖ ≤ max{‖i′′‖, ‖j′′‖}.
Regarding the behaviour of the maps in diagram (5) one has (see [3, Lemma A.19] for
details):
BANACH SPACES OF ALMOST UNIVERSAL COMPLEMENTED DISPOSITION 25
Lemma 9.9.
(a) If i is an isomorphic embedding, then ∆ is closed.
(b) The norm of the operators i′ and j′ is less than or equal to one.
(c) If i is an isometric embedding and ‖j‖ ≤ 1 then i′ is an isometric embedding.
(d) If i is an isomorphic embedding then i′ is an isomorphic embedding.
(e) If ‖j‖ ≤ 1 and i is an isomorphism then i′ is an isomorphism and
‖(i′)−1‖ ≤ max{1, ‖i−1‖}.
9.3.2. The almost-complemented push-out. We establish now that the push-out con-
struction can be adapted to cover the case of ε-projections.
Lemma 9.10. Given almost double arrows (i, i) : A⇆ B and (j, j) : A⇆ X there is
a commutative diagram
(6) A //
(j,j)

B
(i,i)
oo

X
(i′,i′)
//
OO
POoo
(j′,j′)
OO
so that if (i, i) is an (α, 0, γ)-arrow and (j, j) is a (u, v, w)-arrow then (i′, i′) is a
contractive (αu, 0, uγ)-arrow and (j′, j′) is a contractive (uα, αvγ,max{αw, 1+αvγ})-
arrow. Moreover (compare with Lemma 9.9 (c) above) if (i, i) is a (1, 0, 1)-arrow, and
(j, j) is a contractive (u, v, w)-arrow then (i′, i′) is a (1, 0, 1)-arrow and (j′, j′) is a
contractive (u, v,max{w, 1 + v})-arrow.
All this can be depicted for mnemonical reasons as
(7) · //
(u,v,w)

·
(α,0,γ)
oo

·
contractive (uα,0,uγ)
//
OO
·oo
contractive (uα, αvγ, max{wα,1+αvγ})
OO
and
(8) · //
contractive (u,v,w)

·
(1,0,1)
oo

·
(1,0,1)
//
OO
·oo
contractive (u, v, max{w,1+v})
OO
Proof. To obtain j′ observe that the diagram
(9)
A
i
−−−→ B
j
y y1B+i(jj−1A)i
X −−−→
ij
B
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is commutative, and thus the universal property of the push-out yields the existence
of a unique operator j′ : PO→ B such that
(3.a) j′ i′ = i j;
(3.b) j′ j′ = 1B + i(j j − 1A) i;
(3.c) ‖j′‖ ≤ max{‖ij‖, ‖1B + i(j j − 1A) i‖}.
Notice that by properties of the push-out construction, ‖i′‖ ≤ 1 and ‖j′‖ ≤ 1 indepen-
dently of the norms of i and j. To estimate the norm of their inverse maps observe
that for every x ∈ X ,
‖x‖ ≤ inf
a∈A
{‖x− ja‖+ ‖ja‖}
≤ inf
a∈A
{‖x− ja‖+ uα‖ia‖}
≤ uα‖i′(x)‖PO;
thus (uα)−1‖x‖ ≤ ‖i′(x)‖ ≤ ‖x‖. Except when i is an into isometry and ‖j‖ ≤ 1, in
which case
‖x‖ = inf
a∈A
{‖x− ja‖+ ‖ja‖}
≤ inf
a∈A
{‖x− ja‖+ ‖ia‖}
= ‖i′(x)‖PO,
and thus ‖x‖ = ‖i′(x)‖PO. In the same way, for every b ∈ B,
‖b‖ ≤ inf
a∈A
{‖b+ ia‖+ ‖ia‖}
≤ inf
a∈A
{‖b+ ia‖ + αu‖ja‖} ,
and thus (uα)−1‖b‖ ≤ ‖j′(b)‖PO ≤ ‖b‖. To obtain i′, since the diagram
(10)
A
i
−−−→ B
j
y yji
X −−−→
1X
X,
is commutative, the universal property of the push-out yields a unique operator i′ :
PO→ X such that
(4.a) i′ i′ = 1X ;
(4.b) i′ j′ = j i;
(4.c) ‖i′‖ ≤ max{‖1X‖, ‖j i‖}.
Let us check that the just defined projection i′ and ε-projection j′ make commutative
the original diagram (6). To this end, it is enough to observe that since diagram
(11)
A −−−→
i
Byj yjji
X −−−→
j
A.
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is commutative, the universal property of the push-out yields a unique operator γ :
PO→ A such that
(5.a) γi′ = j
(5.b) γj′ = jji.
(5.c) ‖γ‖ ≤ max{‖j‖, ‖j j i‖}.
Since j i′i′ = j and j i′ j′ = jji (by (4.b)), the uniqueness (see (5.a) and (5.b))
yields γ = j i′. On the other hand, also γ = i j′ since i j′ i′ = j (by (3.a)) and
i j′j′ = i(1B + i(jj − 1A)i) = i+ (j j − 1A)i = j j i. 
Modifying the proof above in an obvious way we obtain the result of Kubis [22,
Section 5] (see also [13, Lemma 4.1] and the comments before the lemma) that in a
push-out diagram
A −−−→
i
B
j
y
yj′
C −−−→
i′
PO
in which both i, j have complemented ranges via projections p, q then also i′, j′ have
complemented ranges via projections p′, q′ yielding a diagram
A
p
←−
−−−→
i
B
j
y↑q j′
y↑q′
C
p′
←−
−−−→
i′
PO
commutative in both directions i.e., pq′ = qp′ and, moreover, such that jp = p′j′ and
iq = q′i′. One has to proceed just as the proof of Lemma 9.10 but, in diagram (9),
take 1B instead of i(qj − 1A)p+ 1B and, in diagram (11), take p instead of qjp.
9.3.3. The complementation feature of multiple push-out. Let us check now that almost
complementation is preserved in almost complemented push-out with several factors:
Lemma 9.11. Let (i1, i1) : A1 → B1 and (i2, i2) : A2 → B2 be (1, 0, 1)-arrows. Let
(j1, j1) : A1 → X be a (u, v, w)-arrow and let j2 : A2 → X be an operator. Consider
the push-out diagram
(12)
A1 ⊕1 A2
i1⊕ i2−−−→ B1 ⊕1 B2
j1+j2
y
yJ
X −−−−−→
(i1⊕ i2)′
PO .
The restriction J|B1 admits an arrow J|B1 : PO→ B1 so that (J|B1 , J|B1) is a contrac-
tive (u, v,max{w, 1 + v}u‖j2‖)-arrow. In particular, if (j1, j1) is a contractive (u, v, w)
arrow then (J|B1 , J|B1) is a contractive (u, v,max{w, 1 + v}‖j2‖)-arrow.
Moreover, i1J|B1 = j1(i1 ⊕ i2)
′.
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Proof. Perform first the almost-complemented push-out as in the diagram (6) in Lemma
9.10 to get
(13) A1 //
(j1,j1)

B1
(i1,i1)oo

X
(i′1,i
′
1)
//
OO
P1oo
(j′1,j
′
1)
OO
in which (i′1, i
′
1) is a contractive (u, 0, u)-arrow and (j
′
1, j
′
1) is a contractive (u, v,max{w, 1+
v})-arrow. Now make the push-out of the arrows i2 and i
′
1j2
(14) A2 //
i′1j2

B2
(i2,i2)oo
(i′1j2)
′

P1
(i′2,i
′
2)
// P2oo
The map i′2 is obtained according to diagram (10) in the proof of Lemma 9.10, in such
a way that i′2i
′
2 = 1P1 and ‖i
′
2‖ ≤ max{1, ‖i
′
1j2i2‖}. On the other hand, since the
following square is commutative
(15)
A1 ⊕1 A2
i1⊕ i2−−−→ B1 ⊕1 B2
j1+j2
y yi′2j′1+(i′1j2)′
X −−−→
i′2i
′
1
P2.
there must be a unique operator arrow τ : PO→ P2 such that
(1) τ(i1 ⊕ i2)
′ = i′2i
′
1
(2) τJ = i′2j
′
1 + (i
′
1j2)
′
(3) ‖τ‖ ≤ max{‖i′2i
′
1‖, ‖i
′
2j
′
1 + (i
′
1j2)
′‖} ≤ max{‖i′2i
′
1‖, ‖i
′
2j
′
1 + (i
′
1j2)
′‖} = 1.
The almost projection is going to be J|B1 = j
′
1 i
′
2τ : PO → B1, where j
′
1 has been
obtained in diagram (13) while i′2 has been obtained in diagram (14). To check this
observe that
‖j′1 i
′
2 τ J|B1 − 1B1‖ = ‖j
′
1 i
′
2 (i
′
2j
′
1 + (i
′
1j2)
′)|B1 − 1B1‖
= ‖j′1 i
′
2 i
′
2j
′
1 − 1B1‖
= ‖j′1 j
′
1 − 1B1‖
≤ v.
Since ‖j′1 i
′
2τ‖ ≤ max{w, 1 + v}u‖j2‖ it turns out that (J|B1, J|B1) is a contrac-
tive (u, v,max{w, 1 + v}u‖j2‖)-arrow. If ‖j1‖ ≤ 1 then (J|B1, J|B1) is a contrac-
tive (u, v,max{w, 1 + v}‖j2‖)-arrow. Finally, according again to diagram (10) in the
proof of Lemma 9.10, there exists and operator (i1 ⊕ i2)′ : PO → X such that
(i1 ⊕ i2)′(i1 ⊕ i2)
′ = 1X , and the “moreover” part is clear. 
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9.3.4. The almost-push-out. Garbulinska introduces in [13, Lemma 3.1] a useful correc-
tion lemma. Let us show that it can be understood as an “almost” push-out construc-
tion, which moreover admits an extension to cover the case of almost double arrows.
Lemma 9.12 (Correction lemma).
• Given a contractive 1 + ε-isometry f : X → Y between Banach spaces, there
exists a space E(f,X, Y ) and isometries if : X → E(f,X, Y ), jf : Y →
E(f,X, Y ) such that ‖jff − if‖ ≤ ε with the following universal property: for
any couple of arrows k : X → V and l : Y → V such that ‖lf − k‖ ≤ ε there
exists a unique arrow γ : E(f,X, Y )→ V such that γif = k and γjf = l.
• Given a contractive (1 + ε, ε, 1)-arrow (f, f) : X ⇆ Y there exist a space E =
E(f,X, Y ) and double arrows (i, i) : X ⇆ E, (j, j) : Y ⇆ E making the
diagram
X
f

i %%❏❏
❏❏
❏❏
❏❏
❏❏
E(f,X, Y )
i
ee❏❏❏❏❏❏❏❏❏❏
jyytt
tt
tt
tt
tt
Y
f
OO
j
99tttttttttt
ε-commutative and verifying also ij = f and ji = f .
Proof. Let us first see that there exists a push-out diagram which partially corrects
the almost-isometry f . To this purpose, consider the isometric (for ε < 1) embedding
operator δε : X → X ⊕∞ X , δε(x) = (x, εx) and make the push-out square
X
δε−−−→ X ⊕∞ X
f
y yf ′
Y −−−→
δ′
PO .
By the general properties of the push-out, f ′ is a (1 + ε)-isometry and δ′ is an into
isometry. Recall that PO is the quotient of (X⊕∞X)⊕1Y via the natural quotient map
Q : (X⊕∞X)⊕1Y → PO with kernel X that defines the push-out. We form a subspace
of PO where X and Y embed isometrically at the cost of loosing commutativity by
taking
E(f,X, Y ) = Q (X ⊕∞ 0⊕1 Y )
and define the map s : X ⊕∞ X → E(f,X, Y ) by s(x, z) = f
′(x, 0). The map δ′ is
already well defined as a map Y → E(f,X, Y ). The resulting square
X
δε−−−→ X ⊕∞ X
f
y
ys
Y −−−→
δ′
E(f,X, Y )
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is ε-commutative:
‖δ′f(x)− sδε(x)‖ = ‖(x, 0,−f(x))‖ ≤ inf
ω∈X
‖(x− ω, εω, f(ω)− f(x)‖ ≤ ε‖x‖.
Moreover sδε : X → E(f,X, Y ) is an into isometry:
‖x‖ ≤ ‖x‖ − ‖ω‖+ ‖ω‖ − ‖f(ω)‖+ ‖f(ω)‖, ∀ω ∈ X
≤ ‖x− ω‖+ ε‖ω‖+ ‖f(ω)‖
≤ ‖(x, 0, 0)‖PO = ‖sδε(x)‖E .
We must therefore set: if = sδε and jf = δ
′.
We prove now the universal property mentioned above: let k : X → V and l :
Y → V be operators such that ‖lf − k‖ ≤ ε. The map t : X ⊕ X → V defined
by t(x, z) = k(x) + ε−1(lf − k)(z) verifies tδε = lf . By the universal property of the
push-out there exists a unique arrow γ : PO→ V such that γf ′ = t and γδ′ = l. And
the recontractiveion of γ to E(f,X, Y ) yields γif (x) = γf
′(x, 0) = t(x, 0) = k(x); while
γjf = γδ
′ = l.
The complemented version of the Correction lemma will follow from the universal
property of the “almost push-out” applied first to the arrows 1X and f : Y → X , so
we get i : E → X such that ij = f and ii = 1X ; and then to f and 1Y , obtaining
j : E → Y such that jj = 1Y and ji = f . In addition, ‖f‖ ≤ ‖i‖ and ‖f‖ ≤ ‖j‖.
Now, when one has a push-out diagram
•
α
−−−→ •
β
y yβ′
•
α′
−−−→ PO
and two arrows γ : PO→ Z and h : PO→ Z so that γβ ′ = hβ ′ and ‖γα′−hα′‖ ≤ ε
then ‖γ − h‖ ≤ ε: indeed, for given (c, b) + ∆ ∈ PO with ‖(c, b) + ∆‖ ≤ 1 pick a
representative (c1, b1)+∆ so that ‖c1‖ ≤ 1. Since (c1, b1)+∆ = α
′(c1)+β
′(b1) one has
‖(γ − h)((c, b) + ∆)‖ = ‖(γ − h)((c1, b1) + ∆)‖ = ‖γα
′(c1)− hα
′(c1)‖ ≤ ε.
Thus, since f j j = f and f j i = ff and i j = f and ‖i i− f f‖ ≤ ε, it turns out
that ‖f j − i‖ ≤ ε. 
The condition ‖f j − i‖ ≤ ε that we have obtained does not appear in either [13] or
[7], where the authors only consider the almost commutativity condition ‖jf−i‖ ≤ ε for
embeddings. Observe that the almost commutativity for embeddings and projections
implies ‖i j − f‖ ≤ ε and ‖j i− f‖ ≤ ε (but there is no equality).
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9.4. Perturbation of projections.
Lemma 9.13. Let A be an n-dimensional subspace of E which is complemented by
some projection p of norm C. Let δ = dist(A, ℓn1 ). Let {a1, . . . , an} be a basis for A so
that δ−1
∑
|λi| ≤ ‖
∑
λiai‖ ≤
∑
|λi|. Given 0 < ε < 1/3, if ‖xi − ai‖ ≤
ε
δC
then the
map τai = xi is a (1 + ε)-isometry and the space X = [x1, . . . , xn] is:
(1) complemented via some projection p′ of norm at most C 1−ε
2
1−3ε
for which
‖p′ − τp‖ ≤ ε
(1 + ε)2
1− ε
C.
(2) In particular, 1
1+ε
τ is a contractive (1 + ε)2-isometry with projection (1 + ε)p′
having norm at most C (1+ε)(1−ε
2)
1−3ε
and so that
‖(1 + ε)p′ −
1
1 + ε
τp‖ ≤ C3ε.
Proof. The operator τ : A → X that sends τ(ai) = xi is a (1 + ε)-isometry. And if
p : E → A is a norm-one projection, on every x =
∑
λixi ∈ X one has
‖τpx− x‖ = ‖τp(
∑
λixi)−
∑
λiτpai‖ ≤ (1 + ε)‖
∑
λi(xi − ai)‖ ≤ ε
1 + ε
1− ε
‖x‖.
The estimates now are as in Lemma 9.6 (4). We call µ = ε (1+ε)
1−ε
. Since (1E − τp)|X
has norm µ < 1 for ε < 1/3, then τp|X = 1E − (1E − τp|X) is invertible and its
inverse has norm at most 1 + µ + µ2 + · · · = 1
1−µ
. So, (τp)|X is an isomorphism and
‖(τp)|X
−1‖ ≤ 1
1−µ
. It turns out that p′ = (τp)|X
−1τp is a projection onto X since
p′2 = (τp)|X
−1τp(τp)|X
−1τp = (τp)|X
−1(τp)|X(τp)|X
−1τp = (τp)|X
−1τp,
with norm at most 1+ε
1−µ
. Moreover,
‖p′ − τp‖ = ‖(τp)−1|X τp− τp‖
≤ ‖(τp)−1|X − 1X‖‖τp‖
≤ ‖(τp)−1|X ‖‖1X − (τp)|X‖‖τ‖
≤
1
1− µ
µ(1 + ε)
≤
ε(1 + ε)2
1− 3ε
≤
4ε
1− 3ε
.

The “in particular” estimate easily follows:
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‖(1 + ε)p′ −
1
1 + ε
τp‖ = (1 + ε)‖p′ −
1
(1 + ε)2
τp‖
≤ (1 + ε)
(
‖p′ − τp‖+
(
1−
1
(1 + ε)2
)
‖τp‖
)
≤ (1 + ε)
(
‖p′ − τp‖+
(
1−
1
(1 + ε)2
)
‖τp‖
)
≤ (1 + ε)
(
ε(1 + ε)2
1− 3ε
C +
(1 + ε)2 − 1
(1 + ε)2
(1 + ε)C
)
≤ C
(
ε(1 + ε)3
1− 3ε
+ 2ε+ ε2
)
≤ C(3ε− ε2)
≤ C3ε.
9.5. Countable dense sets of double arrows between finite-dimensional
spaces. To produce a separable space as output a basic ingredient is to have a count-
able set of double arrows between finite dimensional spaces that is “dense”. To this
end, consider for fixed n ≤ k the set of double arrows
Un,k = {(f, f) : A⇆ B dimA = n; dimB = k}
in which elements are identified as: (f, f) ∼ (g, g) when there are surjective isometries
a : A → A′ and b : B → B′ such that bf = ga and af = gb. We call U(n, k) the
quotient space endowed with the metric induced by
d((f, f), (g, g)) = inf{log(1+ε) > 0 : ∃a, b (1+ε)−onto isometries : bf = ga and af = gb}.
One has:
Lemma 9.14. The space U(m, l) is a compact metric space for all m, l.
Proof. Let (Ak, Bk, fk, fk) be a sequence. In the Banach-Mazur distance –for spaces–
and the operator norm –for operators– there is a subsequence (no need to relabel) so
that limAk = A, limBk = B, lim fk = f and lim fk = f . There is no loss of generality
assuming that the almost isometries that yield the Banach-Mazur distance are the
identity. Which in particular means that if one fixes a basis in each Ak and e
k
j is the j-
th element in Ak then e
k
j → aj , the elements aj form a basis for A and fk(aj)→ bj form
a basis for f(A) in B, which we complete with as many b′is as necessary. Let U be a
free ultrafilter on N. One has A = [A1, A2, . . . , An, ...]U and B = [B1, B2, . . . , Bn, ...]U.
The map f = [fk] is thus an isometry between them and f = [fk] a 1-projection.
Moreover, given a finite dimensional space F one has F = [F ]U and thus one can
identify Ak with the its ultrapower [Ak]U and Bk with [Bk]U. In this way, the formal
identity 1k : Ak = [Ak]U → [An]U = A is a 1 + dist(Ak, A)-isometry. To check that
(f, f) : A ⇆ B is the limit of (fk, fk) we set 1k on the left and do as follows on the
right: given k, we call tk : Bk → B the 1 + ε-isometry that fixes all bi while sending
fk(aj) to bj (of course that ε depends on k, but goes to 0 when k goes to infinity).
Form [tk] and observe that the diagram
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Ak
fk←
−−−→
fk
Bk
1k
y
y[tk]
[An]U
[fk]←
−−−→
[fn]
[Bn]U
is commutative in both directions. 
Now, observe that there is no loss of generality in assuming that the two (1 + ε)-
isometries a, b in the definition of the distance d(·, ·) at the beginning of section 9.5
are contractive (1 + ε)-isometries: indeed, given a, b so that bf = ga and af = gb one
can set a′ = 1
1+ε
a and b′ = 1
1+ε
b, who still satisfy b′f = ga′ and a′f = gb′. For the
same reason, one can also make a−1, b−1 contractive (1 + ε)-isometries. Thus, since
metrizable compacta are separable we get:
Lemma 9.15. There is a countable set U of double arrows between finite dimensional
spaces with the following property: given a double arrow (w,w) : A⇆ B between finite
dimensional spaces and ε > 0, there is (u, u) : Au ⇆ Bu in U, and surjective contractive
(1 + ε)-isometries a : Au → A and b : Bu → B making the square
(16)
Au
u
−−−→ Bu
a
y
yb
A
w
−−−→ B
commutative both directions; i.e., wa = bu and au = wb.
9.6. Distances between double arrows and the role of dual separable spaces.
Almost double arrows A ⇆ B form a subset of L(A,B) ⊕ L(B,A), and thus the
distance between two almost double arrows (j, j) : A ⇆ B and (i, i) : A ⇆ B is
defined as max{‖j− i‖, ‖j− i‖}. The following lemma is here to justify the additional
hypothesis in Theorem 4.1.
Lemma 9.16. Let F be a finite dimensional Banach space. There is a countable set
of double arrows F → X which is dense in the set of all double arrows F → X if and
only if X∗ is separable.
Proof. (Necessity) Set F = R, without loss of generality. Every double arrow (f, p) :
R ⇆ X is an isometric embedding f and a 1-projection onto f(R). Or, which is the
same, a norm one element u ∈ X and a norm one functional φ ∈ X∗ so that φ(u) = 1.
The projection is p(x) = φ(x)u. Assume there is a countable set of (f, p) so that for
every (g, q) there is one of them for which ‖f − g‖ + ‖p − q‖ ≤ ε. Let ψ be a norm
one element of X∗. Find norm one v ∈ X for which ψ(v) = 1 − ε and then form the
isometric embedding g(1) = v with projection q(x) = (1 − ε)−1ψ(x)v. Find one of
those countable elements (f, p) close to (g, q). If p(x) = φ(x)u with f(1) = u then for
‖x‖ = 1 one has
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|φ(x) − (1− ε)−1ψ(x)| = ‖φ(x)u− (1− ε)−1ψ(x)u‖
≤ ‖φ(x)u− (1− ε)−1ψ(x)v‖+ ‖(1− ε)−1ψ(x)v − (1− ε)−1ψ(x)u‖
≤ ‖p− q‖+ (1− ε)−1‖v − u‖
= ‖p− q‖+ (1− ε)−1‖f(1)− g(1)‖
≤ ‖p− q‖+ (1− ε)−1‖f − g‖
≤ 2ε+
2ε
1− ε
.
(Sufficiency) The set of double arrows so it is separable when both L(F,X) and
L(X,F ) are separable; that is, when X∗ is separable. 
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